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ker, Silvia Heitmann, Christian StrotmannJanuary 2004The Resour
e Constraint Proje
t S
heduling Problem (RCPSP) is a 
omplex dis-
rete optimization problem. It 
overs a wide range of appli
ations from proje
tplanning to ma
hine s
heduling (Bru
ker et. al [1999℄, Hartmann [1999℄, Neumannet al. [2003℄). In Bru
ker & Knust [2000℄ the RCPSP with time-dependent resour
eavailabilities has been introdu
ed and used to model timetabling problems. Based onthese 
on
epts we have implemented lo
al sear
h methods and geneti
 algorithmsto solve spe
i�
 s
hool- and university timetabling problems as well as job-shops
heduling problems with limited ma
hine availabilities. The purpose of this paperis to do
ument these results. This do
umentation is organized as follows. Firstly, wepresent a mathemati
al model for the RCPSP with time-dependent resour
e avail-abilities. A 
hara
teristi
 of this model is that it 
ontains strong and weak resour
e
onstraints. Based on this model lo
al sear
h methods for solving the problem areintrodu
ed. These methods use 
ertain list representations of s
hedules. For a givenlist a 
orresponding s
hedule 
an be 
onstru
ted and evaluated. Representations andevaluations are dis
ussed in Se
tion 2. The last se
tions are devoted to appli
ations.We show how the methods des
ribed in the �rst two se
tions 
an be applied to as
hool timetabling problem, a university 
ourse s
heduling problem, and a job-shopproblem with limited ma
hine availabilities. Corresponding 
omputational resultsare presented.Mathemati
al modelThe RCPSP with time-dependent resour
e availabilities 
an be formulated as fol-lows. We are given a time interval [0; T [, a set of a
tivities 1; : : : ; n and a set ofresour
es 1; : : : ; r. The availability of the resour
es is limited. For a resour
e kthere are Rk(t) units available in the interval [t; t + 1[ for t = 0; : : : ; T � 1. Wedistinguish between two kinds of resour
es. Resour
es with Rk(t) 2 f0; 1g are 
alleddisjun
tive, whereas other resour
es with Rk(t) 2 f0; 1; 2; : : : g are 
alled 
umulative.1



A
tivity j must be pro
essed for pj time units without interruption and requires rjkunits of resour
e k for all k = 1; : : : ; r during its pro
essing. Additionally, arbitrarypre
eden
e 
onstraints with possibly positive time-lags may be given. A pre
eden
e
onstraint is given by a relation i ! j, where i ! j means that a
tivity j 
annotbe started before a
tivity i has �nished. If additionally a time-lag dij > 0 betweeni and j is given, the earliest starting time of j is dij time units after the 
ompletionof i. If there is not time-lag we set dij = 0. The time-lag dij may depend on the
ompletion time of a
tivity i. It is 
onvenient to add a dummy start a
tivity 0 withp0 = 0, 0! j and dij = 0 for all a
tivities j.Let Sj denote the starting time of a
tivity j. Then Cj := Sj + pj is the 
omple-tion time of a
tivity j. The problem is to determine intervals [Sj; Sj + pj [ for thepro
essing of ea
h a
tivity j su
h that the following 
onditions hold:(1) in ea
h time period [t; t+ 1[ the total resour
e demand is less or equal to theavailability Rk(t) of ea
h resour
e k, and(2) all pre
eden
e 
onstraints and time-lags are ful�lled.A solution is 
alled feasible, if 
onditions (1) and (2) hold and all a
tivities are
ompleted before time T .The problem of �nding a feasible solution is NP-
omplete, as this problem gener-alizes the 
lassi
al RCPSP. We want to apply various lo
al sear
h methods to �ndfeasible solutions if they exist. Therefore we have to modify the problem in orderto have a representation of infeasible solutions. We introdu
e two modi�
ations ofthe problem. Both modi�
ations are based on the idea, that we are able to obtaininfeasible solutions but every infeasibility is penalized by a positive 
ost term in anobje
tive fun
tion. By trying to minimize the obje
tive fun
tion we try to get ridof these penalties and therefore of infeasibility.As a �rst modi�
ation we add a over
ow period [T; T + L[ after the time period[0; T [, where L is the length of the longest path in the a
tivity-on-node networksin whi
h the ar
s (i; j) between a
tivities i and j are evaluated by pi + dij . Duringthis over
ow period the availabilities of all resour
es are assumed to be suÆ
ientlylarge to supply all a
tivities at the same time. Therefore a
tivities whi
h 
annotbe s
heduled in [0; T [ 
an be s
heduled in the over
ow period. If an a
tivity j iss
heduled in the over
ow period a penalty 
ost wj o

urs in the obje
tive fun
tion.As a se
ond modi�
ation we introdu
e weak resour
es. Requirements of weak re-sour
es may be relaxed to zero, whereas the requirements of the other (hard) re-sour
es have to be ful�lled in any timetable. If the request for a weak resour
e is notrespe
ted, we penalize this by adding a positive 
ost term to the obje
tive fun
tion.If for a
tivity j the requirement of the weak resour
e k is relaxed to zero, a penalty
ost wjk o

urs in the obje
tive fun
tion.Additionally, we may introdu
e some more penalties in the obje
tive fun
tion inorder to model a variety of di�erent 
onstraints. The problem of �nding a feasible2



solution with respe
t to the des
ribed weak and additional 
onstraints leads to theproblem of �nding a solution with minimal obje
tive value.Representation and Evaluation of SolutionsSolutions are presented by priority lists whi
h are 
ompatible with the given pre
e-den
e 
onstraints, i.e. if i! j then a
tivity i appears earlier in the list than j.Given a list a 
orresponding s
hedule is 
onstru
ted by s
heduling a
tivities one afterthe other in the list order. Ea
h a
tivity is s
heduled as early as possible respe
tingall resour
e availabilities. If an a
tivity 
annot be planned in the given time period[0; T [ (infeasible solution), we try to relax the problem by deleting requirements ofweak resour
es for a set of a
tivities in order to obtain feasibility.Before de�ning the algorithm we introdu
e some notations. By Kj we denote theset of all resour
es whi
h are required for the pro
essing of a
tivity j. This set isdivided into the hard resour
es Hj and the weak resour
esWj. Starting with a givenpriority list for an instan
e of the RCPSP with time dependent resour
e pro�les weapply the following pro
edure Earliest Start S
hedule.Pro
edure Earliest Start S
hedule1. WHILE an a
tivity exists whi
h is not s
heduled DOBEGIN2. Let j be the �rst a
tivity in the list whi
h is not s
heduled;3. t := maxi!jfSi + pi + dijg;4. WHILE a resour
e k 2 Kj exists with rjk > Rk(� ) for a � 2 [t; t+ pj [ DOBEGIN5. Compute minimal time tk > t, su
h that j 
an be s
heduledin [tk; tk + pj [, if only resour
e k is 
onsidered and set t := tk;6. IF (t+ pj � T ) AND rjk � Rk(� ) for all k 2 Kj and � 2 [t; t+ pj [AND Wj 6= ; THENBEGIN7. Delete a set of weak resour
es from Wi for a set of a
tivities i;8. t := maxi!jfSi + pi + dijg;ENDEND9. S
hedule j in [t; t+ pj [ and update the resour
epro�les Rk(t) in [t; t+ pj [ for all resour
es k 2 KjENDFor the dummy a
tivity 0 we set S0 = 0. Be
ause 0! j for all a
tivities j we alwayshave t � 0 in steps 3 and 8.We applied lo
al sear
h methods like simulated annealing, tabu sear
h, and a geneti
algorithm with the set of all lists 
ompatible with the pre
eden
e 
onstraints as3



sear
h spa
e. Neighborhoods have been de�ned by inter
hange and shift operators.For 
rossover we used one-point 
rossover, order 
rossover, and linear 
rossover whi
hare known to be 
ompatible with the pre
eden
e 
onstraints (Hartmann [1999℄).Appli
ationsThe method has been applied to the following problems:� A s
hool timetabling problem with data from a high-s
hool in Osnabrue
k.� A university timetabling problem for the fa
ulty of mathemati
s and infor-mati
s at the University of Osnabrue
k.� A job-shop problem with restri
ted ma
hine availabilities.A full des
ription of these problems, implementation results of the 
orrespondingsolvers, and of the 
omputational experiments with these solvers 
an be found inthe full version of the paper.Referen
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