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Abstract. Despite significant research into nurse rostering problems,
generating feasible solutions for large instances that include complex
hard constraints as part of nurses’ contracts, and proving their optimal-
ity, remains a challenge. The combination of long rostering periods and
many shift types leads to enormous search trees that simply cannot be
fathomed by current exact algorithms. In this paper we help close this
gap by developing effective pruning strategies for dynamic programming
approaches, drastically reducing the number of individual rosters that
must be considered, as well as a heuristic that quickly identifies feasible
rosters. We demonstrate how incorporating these strategies into state-
of-the-art methods significantly speeds up the computation of optimal
(partial) solutions. The strategies we suggest for rostering a single nurse
in isolation can be embedded within a complete nurse rostering approach.

Keywords: Nurse rostering · Dynamic programming · Pruning strate-
gies

1 Introduction

Nurse Rostering Problems (NRPs) require the assignment of shifts to nurses
throughout a given rostering period so that shift staffing demand is met while
respecting various constraints that arise from the nurses’ contracts. Numerous
variants of these problems have been studied, differing in terms of their objectives
and the extent to which certain constraints are relaxed. This paper focuses on a
specific NRP first introduced by Curtois et al. [6], which distinguishes itself from
other NRPs by featuring large rostering periods of up to one year and many hard
constraints at the single-nurse level. This complicates the generation of optimal
or simply just feasible rosters for each individual nurse, a problem we will refer
to as the single-nurse rostering problem (SNRP).

Exact methods for this specific NRP rely on decomposing the problem into
multiple SNRPs [4,12], where each SNRP is solved using Dynamic Programming
(DP). However, even the best algorithms currently available in the academic lit-
erature are unable to obtain optimal solutions for large instances of this problem.
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We propose an extension of the DP algorithm for the SNRP described by
Legrain et al. [12] that enables stronger pruning of the roster solution space,
thereby accelerating the search for optimal rosters. Additionally, we introduce a
guiding heuristic that efficiently generates feasible rosters for the largest SNRPs
while preserving the guarantee of global optimality.

The remainder of this paper is structured as follows. First, we review the
related literature on SNRPs in Section 2. Next, Section 3 presents a definition of
the specific NRP we will address along with a brief review of the model for which
we will develop our algorithmic improvements. In Section 4 we introduce various
strategies for accelerating optimal roster generation, while Section 5 focuses on
finding feasible solutions quickly. A computational study in which we quantify
the impact of our contributions is presented in Section 6. Finally, Section 7
concludes the paper.

2 Related work

Although the SNRP has received limited attention as a standalone problem, it is
often studied when decomposing a NRP. For example, Aickelin et al. [1] first use
a genetic algorithm to construct a set of feasible rosters for each nurse, before
assembling a combination into the full roster. Although many studies adopt this
two-phase approach, the methods used to solve the SNRPs differ considerably.
For example, Demassey et al. [7] generate single-nurse rosters using constraint
programming, while Zhang et al. [18] formulate the SNRP as an integer pro-
gramming network flow model. The winners of the second International Nurse
Rostering Competition [5] also developed a network flow formulation in which
the nurses’ contractual constraints were modeled as part of the network structure
[15]. The SNRP can itself be further decomposed, as demonstrated by Brucker et
al. [3], who generate short feasible shift sequences and then combine these into a
single-nurse roster using greedy heuristics. Legrain et al. [13] apply a similar ap-
proach and construct the final roster using a network flow integer programming
formulation.

One approach to generate single-nurse rosters that is effective in practice is
to reformulate the SNRP as a Shortest Path Problem with Resource Constraints
(SPPRC), where each complete path corresponds to a feasible roster for a single
nurse. Jaumard et al. [11] first generate all feasible paths and apply a standard
shortest path algorithm to find an optimal solution. Maenhout et al. [14] improve
upon this method by introducing dominance rules, eliminating the need to ex-
plicitly enumerate all feasible paths. Burke et al. [4] further reduce computation
time through a beam search strategy, resorting to a full tree search only if no
desirable roster is found. Strandmark et al. [16] show that solving the SPPRC to
optimality is not necessary to produce high-quality rosters using their heuristic
method. Dohn et al. [9] decompose the SNRP and solve the SPPRC over a set
of work stretches instead of individual shifts.

The state-of-the-art approach for NRPs was developed by Legrain et al.
[12], who have the best results for multiple nurse rostering datasets using their
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SPPRC-based branch-and-price method. They were able to achieve this by intro-
ducing strong dominance rules in their DP algorithm for the SNRP, which not
only consider the current state of a partial roster, but also the remaining possible
completions. However, while they employ various acceleration techniques such
as bidirectional search and beam search, solving the largest SNRPs remains a
computational challenge.

3 Problem definition

This section begins by describing the considered NRP in Section 3.1, before
moving on to the SPPRC model of the SNRP which forms the basis of the
current best algorithm [12] in Section 3.2.

3.1 Nurse rostering

Curtois et al. [6] introduce a NRP where nurses are limited to at most one shift
per day. The roster is subject to a variety of constraints which are categorized
as either hard (violations forbidden) or soft (violations penalized), with the ob-
jective being to minimize the total sum of penalties.

For each day and shift type, soft coverage constraints indicate the minimum
number of worked shifts required across all nurses as well as a maximum number
to avoid over-staffing.

Furthermore, each nurse has a personalized contract that enforces a set of
individual constraints which are especially relevant for the SNRP. Bilgin et al.
[2] identify three types of nurse-specific constraints and group them based on
the purpose they serve in the roster. Two of these constraint types appear in the
NRP from Curtois et al. [6]: counter and series constraints. Each nurse’s contract
contains hard counter constraints, limiting the total number of hours or weekends
a nurse may work. A contract may also specify individual counter constraints
for each shift type. Additionally, each nurse is subject to series constraints which
dictate a minimum and maximum number of consecutive days they may work.
A second series constraint imposes a minimum number of consecutive days idle,
with no upper limit. Each nurse is also assigned a unique set of days on which
they cannot work any shift and must remain idle.

All nurses must respect hard shift succession constraints that forbid them
to work certain shifts immediately after another. Finally, a nurse may indicate
preferences to work or not work certain shifts on certain days. Satisfying these
preferences is considered part of the objective.

3.2 SPPRC model

The improvements we will propose in Section 4 are based on a common SPPRC
formulation of the SNRP [4,16,12] that Legrain et al. [12] described clearly.
Therefore, in this section we will restrict ourselves to providing a brief overview
of relevant notation and the most important concepts of the SPPRC model.
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The single-roster search space is represented by a directed acyclic graph G =
(V,A), with a set of vertices V and set of arcs A. Each vertex v represents a
unique day-shift combination, with arcs corresponding to the valid transitions
between them. Arcs flow from an artificial source o to an artificial sink t. Graph
G in Figure 1 provides an example that features a period of four days (d) and
two shift types (s), where vertices at equal distance from o represent the distinct
shift types available on that day. For each day, a dummy vertex s0 is introduced
to represent the absence of a worked shift. Constraints are modeled as bounded
resources that are consumed when traversing certain arcs, with R denoting the
set of all resources. Let P be a partial path from o to v. For any partial path
P in G, the consumption of such a resource r is denoted γr(P ). For example,
to enforce a constraint on the maximum number of hours worked, a bounded
resource rw is defined that must satisfy γrw(P ) ≤ Urw , where Urw represents
the maximum number of hours worked. Upon entering a vertex v, the number
of hours in the corresponding shift type is added to γrw(P ). A complete and
feasible roster is any path from o to t that satisfies all resource constraints. The
cost of a path P , denoted γ0(P ), is defined by the sum of all penalties incurred
by violations of soft constraints. A completion of P is a path from o to t that
includes P itself and is denoted as [P, P ], where P is the path from v to t. We
refer to P as the suffix.

Fig. 1. Example of the graph G for a SNRP instance with a rostering period of four
days and two shift types.

Building a solution involves iteratively extending partial paths along the arcs,
starting from source o. With every extension, the resources consumed along the
path are updated using Resource Extension Functions (REFs), and the cost
is adjusted based on Cost Extension Functions (CEFs). Desaulniers et al. [8]
employed this terminology in the context of vehicle routing, with Legrain et al.
[12] later formalizing it for the NRP. We refer to Legrain et al. [12] for detailed
definitions of the REFs and CEFs of the SNRP we are addressing in this paper.
The feasible path from o to t with the minimum cost corresponds to an optimal
single-nurse roster.
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4 Partial path dominance

In practice, extending all feasible paths through graph G is intractable for large
instances due to computation time or hardware limitations. Fortunately, we can
prove that some partial paths are dominated and can thus be safely pruned
without ever eliminating the optimal solution. The general dominance criterion
is defined by Legrain et al. [12] as follows:

Dominance: Let P and Q be two distinct paths from origin o to a vertex v.
Path P dominates Q if and only if any feasible completion of Q, [Q,Q], yields a
feasible completion of P , [P,Q], such that γ0

(
[P,Q]

)
≤ γ0

(
[Q,Q]

)
, and if there

is a feasible completion of Q, [Q, Q̃] such that γ0
(
[P, Q̃]

)
< γ0

(
[Q, Q̃]

)
.

For a path P to dominate another path Q, their resources must satisfy a
set of dominance rules. Let Lr and Ur denote the lower and upper bounds on
resource r ∈ R. For example, for a series constraint on consecutive days worked,
Lr and Ur correspond to the minimum and maximum allowed number of feasible
consecutive assignments. Let D be the number of days remaining in the rostering
period after vertex v, and let us define [x]+ = max(x, 0). The dominance rules
state that P dominates Q with respect to resource r if:[

γr(P ) +D − Ur]+ ≤
[
γr(Q) +D − Ur]+ and [Lr − γr(P )]+ ≤ [Lr − γr(Q)]+ (1)

Legrain et al. [12] conducted extensive computational experiments with var-
ious acceleration strategies for DP and found that bidirectional path extension
is the most effective for reducing computation time. In the following sections,
we will extend their bidirectional dominance-based path extension algorithm to
improve its performance.

4.1 Inter-shift dominance (ISD)

Two partial rosters can only be compared using dominance rules (1) if they
both terminate at the same vertex, meaning they must end with the same shift
type. This rule originates from vehicle routing problems [10], where vertices
represent locations. However for the SNRP, this needlessly excludes other valid
comparisons. We will therefore introduce a more precise rule to facilitate inter-
shift dominance.

Recall that for P to dominate Q, all feasible completions of Q must also be
feasible completions of P . The identical vertex criterion simply avoids that Q is
an infeasible completion of P due to a forbidden shift succession between the
last shift of P and the first shift of Q. However, we can guarantee this property
at the shift type level. Indeed, for this property to hold it suffices that the set of
feasible shift successions for P includes at least those that are feasible for Q.

Let j ∈ V be a vertex corresponding to a certain shift type. The set of
neighbouring vertices corresponds to the set of feasible shift successions and is
defined as N+(j) = {k ∈ V | (j, k) ∈ A}. Let P be a partial path from origin o
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to u, while Q is a partial path from o to v. P dominates Q with respect to the
succession constraints if:

N+(v) ⊆ N+(u)

4.2 Maximum remaining resource consumption (MRC)

The efficacy of dominance rules (1) can be improved by substituting D with a
better approximation of the resource’s maximum remaining consumption (MRC).
As D gets smaller, more paths become equivalent with respect to r, allowing
a larger number of paths to be pruned away. In what follows, we will define
improved approximations for several constraint-associated resources by incor-
porating information from the relevant constraint parameters. Note that the
approximated MRC at a vertex v must not underestimate the true MRC, which
ensures that paths which could lead to a better complete roster will not be
pruned.

Maximum number of consecutive days worked The MRC of this con-
straint’s resource is equal to D under the assumption that the nurse in question
is available for work during the remainder of the period. However, many rosters
include fixed days off, forcing the stretch of days worked to end prematurely.
Thus, we replace D with the number of days remaining until the next fixed day
off.

Workload constraints For constraints concerning the number of days worked
and the number of assignments of a specific shift type, the MRC is closely related
to the maximum number of days available for work in the remainder of the
rostering period. We can therefore approximate the MRC of this resource.

The presence of hard constraints on the maximum number of consecutive days
worked implies that, in most cases, the actual maximum number of days worked
in any suffix is less than D. Consider a pattern with length B = Uwork + Loff

defined by working the maximum number of consecutive days Uwork followed by
the minimum number of consecutive days off Loff. Repeating this pattern for the
remaining rostering period provides a good approximation of resource r’s MRC.

For an arbitrary number of remaining days D, we first compute the number
of full patterns f that fit within this period, the number of trailing days t after
working those patterns, and the subset of those days tw available for work. The
approximation of the MRC of working days MRCr is:

f =

⌊
D

B

⌋
, t = D mod B, tw = min(t, Uwork)

MRCr = f · Uwork + tw (2)

In some cases this approximation can be improved even further. Recall we
are using a bidirectional extension algorithm, alternating between extending
paths originating from the source (forward) and the sink (backward). During
the backward pass, we are essentially computing the MRC of resources from
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the forward pass, and vice versa. Let us therefore iteratively extend the forward
and backward paths, with D corresponding to the total number of days in the
rostering period. After If iterations of forward extension and Ib iterations of
backwards extension, we can derive the MRC of the forward resources for the
final Ib days. Simply iterate over the resource vectors of partial paths stored at
day D − Ib and extract the maximum value for each resource.

However, the forward and backward paths are still separated by D− If − Ib

days. We therefore combine the two approximations to find the most accurate
MRC per resource. This process begins by taking the maximum consumption of
a resource in paths emerging from the opposite direction. We then approximate
the maximum number of remaining workdays in the D− If − Ib days separating
the opposite passes using Equation (2). The sum of these values is the resource’s
final MRC. To reduce computational overhead, we do not compute these values
for each label we extend, but only once for all labels corresponding to the same
day in the roster.

4.3 Pre-dominance pruning (PDP)

Another well-known technique to accelerate dominance is to remove as many
partial paths as possible in advance. Curtois et al. [4] remove equivalent paths,
while Legrain et al. [12] extended this by also pruning labels that can never
reach the desired objective value. They achieve this by executing a shortest
reverse path search from the sink to obtain lower bounds on completions for
each vertex.

Similarly, an upper bound on a resource’s remaining consumption can be
used to prune paths with a constraint-imposed minimum consumption. Instead of
utilizing a dedicated longest path algorithm to generate upper bounds, we simply
reuse the MRC from Section 4.2 to prune away paths before the dominance
procedure. More formally, a path P can be discarded if for any r ∈ R the
inequality γr(P ) +MRCr < Lr holds.

4.4 Dynamic bidirectional extension (DBIDI)

The bidirectional extension algorithm extends partial paths starting at both
source o and sink t. This is an effective acceleration strategy as it decreases
the depth of the search tree and thus significantly shrinks its overall size. One
parameter to consider is the point where both passes eventually meet.

Legrain et al. [12] chose the middle of the rostering period as a natural meet-
ing point. However, research into bidirectional extension algorithms for general
SPPRCs suggests that asymmetry between the forward and backward search
trees can significantly impact performance when a static midpoint is used [17].
In the SNRP, fixed days off can contribute to this asymmetry, as the number
of propagated labels remains constant on those days. This in turn result in a
higher number of propagated paths in either the forward or backward pass.

We therefore extend the forward or backward pass depending on which cur-
rently has fewer paths to extend, following a strategy proposed by Tilk et al.
[17]. All paths are then merged once they inevitably meet.



8 Robin Tourlamain, Pieter Smet, and Greet Vanden Berghe

5 Fast feasibility

Constructing an optimal single-nurse roster requires identifying the lowest-cost
complete path by extending and dominating partial paths until the end of the
rostering period, thereby implicitly enumerating all feasible rosters. Even with
the improvements introduced in Section 4, this process can remain computa-
tionally intensive, particularly for large problem instances. Indeed, just finding
a feasible solution for these instances can take considerable time. In practice,
however, feasible rosters must be generated quickly.

We have identified two primary factors contributing to long computation
times for large SNRP instances: (i) hard workload constraints, which make only
near-complete paths feasible, and (ii) a high branching factor in the search trees
due to the large number of shift types. Additional complications arise from hard
constraints on consecutive days worked or off, combined with long rostering
periods.

Burke et al. [4] and Legrain et al. [12] accelerate the generation of feasible
rosters by limiting the number of propagated paths. The choice of which paths
to propagate is crucial for the effectiveness of this beam search method. For
example, Legrain et al. [12] only extend the ten paths with the lowest objec-
tive values in each iteration. We propose an alternative path selection heuristic
designed for quickly producing feasible solutions. To this end, we introduce the
concept of expected workload : for each day in the rostering period, this quantity
approximates the cumulative number of hours a nurse should have worked by
the end of that day in order to satisfy the workload constraints by the end of
the period.

Let D denote the number of days in the rostering period and W the number
of weekends. A subset of those days and weekends are not available for work
due to the fixed idle days defined in the constraints. We refer to those that are
available as Da and Wa. Additionally, we denote the subset of days that are
part of a weekend as Dw. Furthermore, some non-fixed weekend days will not be
worked due to counter constraints on weekends. Let Uweekend be the maximum
number of weekends a nurse can work. The average number of weekend days
available in a feasible roster is then:

⟨Da,w⟩ =
Da,w

Wa
· Uweekend

From this, the average number of workdays available in the rostering period
is:

⟨Da⟩ = Da −Da,w + ⟨Da,w⟩

Let Uworkload be the maximum number of minutes a nurse can work. The
average load per available work day is defined by ℓ. Multiplying ℓ with the
average number of available weekend days gives the total average workload on
weekends ℓw:

ℓ =
Uworkload

⟨Da⟩
, ℓw = ℓ · ⟨Da,w⟩
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Since the specific weekends worked are not known in advance, this load is dis-
tributed evenly across all non-fixed weekend days. The per-day workload esti-
mates are therefore:

ℓweekday = ℓ and ℓweekend =
ℓw

Da,w

The expected workload for each day in the rostering period is computed
as the cumulative sum of these daily estimates, ignoring fixed days off. During
path selection, a number of paths whose cumulative workloads are close to the
expected workloads are selected first to avoid paths becoming infeasible before
the end of the rostering period. If this process does not result in a feasible path
on a first pass from source o to sink t, we increase the number of propagated
paths and perform a new extension pass.

6 Computational study

This section assesses the impact of our improved dominance rules and modi-
fied bidirectional search on the performance of the state-of-the-art algorithm
introduced by Legrain et al. [12]. We enable each improvement from Section
4 individually and compare the results to those of our implementation of the
original algorithm. We also evaluate the performance of the algorithm with all
improvements enabled. Additionally, we measure the time it takes to produce
an initial feasible solution for each instance using our expected workload path
selection criterion from Section 5 while restricting the initial number of propa-
gated paths to 64. We chose this number after experimentation and found it to
be fast to compute for all different lengths of rostering periods.

For benchmarking, we used a dataset from the literature consisting of 24
instances [6]. Each instance contains as many SNRPs as there are nurses. To
better reflect real-world usage of the algorithms, we solve all SNRPs in an in-
stance 20 times, each time with a different vector of dual prices representing
the value of covering a specific shift that is also part of the objective function.
These dual prices were obtained by executing a column generation algorithm on
each instance, and recording the dual prices in each iteration. The specific dual
prices are available in a public repository3. The reported values correspond to
the average time required to solve all SNRPs in an instance, averaged over these
20 repetitions.

Table 1 shows the reductions in computation time obtained by the improve-
ments. The table only includes instances for which each algorithm could solve
all SNRP subproblems. Negative values indicate a slowdown. The last column
displays the time it took to generate a complete feasible roster with the expected
workload criterion. The algorithms are implemented in the Rust programming
language and experiments were run on a single core of an AMD Ryzen 9 5950X
processor, with the maximum runtime set to five hours per subproblem.

3 https://gitlab.kuleuven.be/codes/datasets/curtois2014-dual-prices



10 Robin Tourlamain, Pieter Smet, and Greet Vanden Berghe

Strategy Base ISD MRC PDP DBIDI Combined Feasible

Instance Avg. time (s) Average time reduction (%) Time (s)

Instance 1 0.0005 -12.97 8.28 -32.97 -0.86 -9.35 0.0020
Instance 2 0.0011 0.45 23.56 8.36 13.41 26.20 0.0038
Instance 3 0.0059 14.14 23.43 9.15 17.08 29.50 0.0055
Instance 4 0.0145 6.00 49.35 31.57 5.63 53.51 0.0065
Instance 5 0.1649 -8.89 81.99 49.63 36.71 84.97 0.0106
Instance 6 0.0359 5.60 49.04 25.07 7.91 53.34 0.0164
Instance 7 0.1328 6.45 49.69 22.36 23.08 62.53 0.0159
Instance 8 16.1277 11.09 70.86 37.21 20.24 74.16 0.0228
Instance 9 0.5904 18.79 17.43 4.44 14.70 42.66 0.0333
Instance 10 3.9299 39.54 60.06 10.84 9.56 73.83 0.0367
Instance 11 0.2935 48.58 52.69 31.28 11.22 75.37 0.0565
Instance 12 1.0039 64.45 50.15 22.19 14.11 82.42 0.0997
Instance 14 1005.5752 50.50 95.91 28.40 53.96 97.95 0.1302
Instance 16 0.6222 23.94 65.29 73.15 18.70 81.78 0.0318
Instance 17 20.2740 13.93 64.90 75.72 21.78 87.57 0.0774
Instance 18 154.1834 2.39 97.03 75.58 42.51 98.34 0.0565
Instance 19 3658.5361 27.79 87.72 33.52 34.99 94.36 0.1129
Instance 20 840.3358 62.89 65.35 73.33 3.41 91.27 0.4132
Global avg. - 20.82 56.26 32.16 19.34 66.69 -

Table 1. Comparison of experiments that yielded optimal solutions within 5 hours.

For each improved algorithm, the general trend is that they become more ef-
fective as the roster solution space grows. ISD peaks at a 64% improvement over
the base algorithm for instance 12, which happens to be the instance with the
most distinct shift types we were able to solve to optimality. Its overall improve-
ment is similar to DBIDI at around 20%, but these methods are most effective
for entirely different subproblems. Incorporating the MRC into the dominance
rules provides the most effective improvement overall, with an average speedup
of 56%. Combining all improvements yields an average speedup of 66% over all
subproblems but exhibits a significantly larger speedup for the largest instances,
with several reductions in computation time of over 90%.

Strategy Base ISD MRC PDP DBIDI Combined Feasible

Instance Number of subproblems solved Time (s)

Instance 13 0 0 0 0 0 1 0.4040
Instance 15 10 18 20 10 20 20 0.0643
Instance 21 0 0 0 0 0 1 1.0277
Instance 22 0 0 0 0 0 0 1.4175
Instance 23 0 0 0 0 0 0 3.4389
Instance 24 0 0 0 0 0 0 33.1022

Table 2. Comparison of experiments that exceeded the 5 hours time limit.
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In case one or more subproblems could not be solved by all algorithms, no
relative improvement could be calculated. Instead, we compare the number of
subproblems that could be solved to optimality in Table 2. These results show
that our improvements can provide the additional efficiency that is needed to
solve some of the larger subproblems. Indeed, either strengthening the dominance
rules based on the projected MRC or merging paths at a dynamic midpoint
enabled us to solve all subproblems associated with Instance 15. Combining all
improvements enabled us to solve the first subproblem associated with Instance
13 and 21 to optimality. We should note that in these first subproblems, the dual
prices associated with each shift are identical, enabling us to prune away many
partial paths.

Although the method could not solve all subproblems to optimality, we did
succeed in generating feasible solutions for all original NRP instances. This pro-
cess took approximately 30 seconds for the largest instance, demonstrating the
capabilities of the expected workload selection criterion with regards to gener-
ating feasible solutions.

7 Conclusion

In this paper we successfully accelerated the dominance-based path extension
algorithm for SNRP introduced by Legrain et al. [12] by refining existing domi-
nance rules and introducing new specialized pruning techniques. These improve-
ments led to reductions in computation time of up to 98% and enabled us to
solve instances larger than was possible before. Additionally, we introduced an ef-
ficient method to generate feasible rosters for the largest SNRP instances through
heuristic path ordering, based on the expected workload of the partial paths.

Any algorithm for NRPs that relies on solving its constituent SNRPs as
subproblems can benefit from our contributions, with the broader consequence
of accelerating an entire family of NRP solution methods.
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