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Abstract. This paper addresses the exam invigilator assignment prob-
lem with interaction-oriented objectives in a university with multiple
departments. The problem consists of assigning invigilators to exams,
where each exam requires a given number of invigilators, with each invig-
ilator subject to availability and workload constraints. We consider two
objective variants. Contact maximization seeks to maximize the number
of unique interdepartmental contacts to stimulate interaction between
departments. Contact reduction seeks to minimize the total number of
unique contacts to limit health risks during pandemics or seasonal out-
breaks. For both variants, we develop bounds on the objective value
and propose a multi-neighborhood local search heuristic. Computational
experiments on benchmark instances show that our proposed bounds
improve or match almost all previously reported bounds. Moreover, the
proposed heuristic improves upon all previously reported best-known
solutions. For many contact-maximization instances, the best solution
found matches the new bound, thereby proving optimality.

Keywords: Exam invigilation - Timetabling - Interaction-oriented ob-
jectives.

1 Introduction

The exam invigilator assignment problem (IAP) concerns the assignment of in-
vigilators to a set of exams subject to operational requirements such as exam
coverage, invigilator availability and workload restrictions. Despite its practi-
cal relevance in university examination planning, literature on the IAP remains
relatively limited. Only recently, Verplancke et al. [15] introduced publicly avail-
able benchmark instances, thereby enabling far more systematic computational
studies to take place.

Beyond operational feasibility, invigilator assignments can also be used to
influence interactions between invigilators. Recent work has therefore consid-
ered interaction-oriented objectives, which aim to influence which invigilators
supervise exams together. Assigning invigilators from different departments to
the same exam stimulates interdepartmental interaction, whereas limiting the
number of distinct contacts is desirable when contact reduction is important,
for example during the COVID-19 pandemic or seasonal outbreaks such as flu.
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Verplancke et al. [I5] formalize these two settings as contact maximization and
contact reduction, and prove that both variants are NP-hard via reductions from
the Social Golfer Problem [I4] and Exact Cover by 3-Sets [5], respectively.

However, further opportunities remain to strengthen our computational un-
derstanding of these interaction-oriented variants. This paper addresses two im-
portant challenges: strengthening the best available bounds for both variants to
enable a more accurate assessment of heuristic solution quality, and developing
an improved local search heuristic.

The remainder of the paper is organized as follows. Section [2] reviews the
related literature. Next, Section [3| formally defines the IAP with interaction-
oriented objectives. Section [4] presents our new bounds for both variants, while
Section [f] introduces our proposed local search heuristic. Section [6] reports the
computational study. Finally, Section [7] concludes the paper.

2 Related work

The academic literature on the IAP is dominated by institution-specific case
studies rather than benchmark-driven research. Across these studies, the focus is
on constructing complete invigilation schedules for given examination timetables
that respect specific institutional rules.

A common theme in the literature is the modeling of fairness and preferences.
Fairness is often incorporated in the objective by minimizing dissatisfaction or
balancing workload [TI4USJ9ITOIT2UT3], or it can also be enforced through workload
bounds or balancing constraints [3TTJT5]. Preferences are treated similarly: some
studies include them directly in the objective — through penalties for undesirable
time slots, or preference-based assignment scores [IIS9QIT2IT3IT5] — while other
studies model them as constraints [3/4YTT].

Beyond these modeling choices, previous research also differs in terms of the
solution methods used. Several papers formulate the IAP as a mixed-integer
programming (MIP) model [IBT2IT3IT5]. These models are often combined
with heuristic decomposition or variable-fixing techniques to obtain solutions
within reasonable computation times. Other studies rely on constructive heuris-
tics [QTOUIT], goal programming [4] or heuristics such as scatter search [§] to
generate solutions.

Despite this methodological variety, little attention has been paid to comput-
ing bounds, making it difficult to accurately assess solution quality. Moreover,
the lack of public benchmark data has limited comparability, as most studies rely
on proprietary instances from a single institution. As a result, meaningful com-
parisons between methods have remained scarce. Verplancke et al. [I5] address
this limitation by introducing public benchmark instances for the IAP, thereby
enabling systematic comparison.
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3 Problem description

The TAP with interaction-oriented objectives involves a set of exams F, invigi-
lators I, timeslots 7" and departments K. Each exam e € F is scheduled during
a timeslot t, € T' and requires d. invigilators, where d. € Z>.

Each invigilator ¢ € I is available during a subset of timeslots A; C T and
belongs to a department k; € K. Furthermore, each invigilator must be assigned
to a number of exams between a minimum and a maximum workload:

w;, w; € ZZO? w, S @iv (1)

where w, and w,; denote the minimum and maximum number of exams to
which invigilator ¢ must be assigned, respectively.

A feasible solution assigns exactly d. available invigilators to each exam e €
E. An invigilator cannot be assigned to more than one exam in the same timeslot,
and all workload bounds must be satisfied.

Interaction is modeled at two levels: co-assignments and contacts. Two dis-
tinct invigilators ¢ and j are co-assigned to exam e if both are assigned to e.
They have a contact if they are co-assigned to at least one exam. Thus, a contact
is a unique unordered pair {7, j}, counted at most once regardless of how many
exams invigilators ¢ and j are co-assigned to. A contact {i,j} is considered a
interdepartmental contact if k; # k;.

We study two variants of the TAP. In contact maximization (IAP-CM), the
goal is to maximize the number of interdepartmental contacts. In contact reduc-
tion (IAP-CR), the goal is to minimize the total number of contacts, regardless
of whether they are interdepartmental or intradepartmental.

4 Improved bounds

To derive new bounds, we will use the following binary variables for assignments
and contacts. Let z; . be 1 if invigilator ¢ € I is assigned to exam e € E/, and 0
otherwise. For each pair of invigilators 7,j € I with ¢ < j and exam e € FE, let
wije be 1if 4 and j are co-assigned to exam e, and 0 otherwise, and let y;; be 1
if they have a contact, and 0 otherwise.

Using this notation, the objective of IAP-CM is

max E Yijs (2)
i,j€l
i<j, ki#k;

whereas the objective of IAP-CR is
min Z Yij- (3)

i,5€1
i<j
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4.1 Upper bounds for TAP-CM

The demand-only upper bound, introduced by [15], is based solely on the number
of invigilators needed for an exam. For an exam e with demand d., at most
(d;) unordered invigilator pairs can be co-assigned. Since each interdepartmental
contact requires at least one co-assignment to an exam, the total number of

interdepartmental contacts cannot exceed the total number of co-assigned pairs

across all exams: p
€. 4
> (%) (@)

eck
To obtain a stronger bound, we enforce an upper bound on objective by
counting all interdepartmental co-assignments instead of all interdepartmental
contacts. Since each contact corresponds to at least one co-assignment, this yields
a valid upper bound. For each exam e € E and department k € K, let us define

Zhe = Z Tie (5)

7 k)i:k}

Thus, 2. denotes the number of invigilators from department k assigned to
exam e. For exam e, the total number of co-assigned pairs equals (d;), while the

number of intradepartmental co-assigned pairs equals ), (2’92’8). This yields
the objective used to compute the upper bound:

max 3 ((2) -z <;>) . 6)

ecEl

Maximizing @ is equivalent to minimizing the number of intradepartmental
co-assigned pairs. Let us define:

C*=min) 3 (Z’;> (7)

ecE keK

Then the optimal value of the objective equals:

UBy =) <dQ) —C*. (8)

eck

Minimization problem @ can be solved using a min-cost flow network. The
network sends flow from invigilators to exams through timeslots and depart-
ments. A feasible flow corresponds to a solution satisfying workload, availability
and exam demand constraints. Costs are incurred only on department—exam arcs
and represent intradepartmental co-assigned pairs.

To model the network, we introduce the following auxiliary quantities. For
each timeslot t € T', let

E,={e€ E:t.=t}, (9)

and set §; = 1 if E; # (), and 0 otherwise.
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We define the effective maximum workload of invigilator ¢ as follows:

E‘?H = min {wi, Z 51&} Viel. (10)

teA;

For each department k € K and timeslot t € T, let
nge={i€l:ki=k te A} (11)

denote the number of invigilators from department %k available during timeslot
t. For each exam e € E and department k € K, let us define

Mye = min{de, Nk, } (12)

as the maximum number of invigilators from department & that can be assigned
to exam e.

The network’s node types are summarized in Table [I} Let D = > . de
denote total exam demand. Node s represents the source supplying the D units
of flow corresponding to invigilator assignments, while node f represents the
sink collecting those D units of flow required to satisfy exam demand. For each
invigilator ¢ € I, node v; aggregates the assignments of invigilator i. For each
available invigilator—timeslot pair (7,t), node u; ¢ ensures that invigilator ¢ can be
assigned to at most one exam during timeslot ¢. Nodes py, . aggregate assignments
of invigilators from department k& to exam e, while node ¢, collects all invigilators
assigned to exam e. The arc types are summarized in Table [2] where £ and u
denote the lower and upper bounds for each arc.

Table 1. Node types in the min-cost flow network.

Node Exists for

s, f -

V; Viel

Uit Vie[, VtGAi, Et#@
Dk,e Vee E, Vke K: ng:, >0
Qe Vee FE

If 21, . invigilators from department k are assigned to exam e, they form (Z’“Qe)
intradepartmental pairs. This is modeled using my, . parallel arcs from py, . to g,

with incremental costs 0,1, ..., my . — 1, so that sending 2 . units of flow incurs
the following cost:
Zk,e
> = (%) (13)
j=1

Solution method. We solve the min-cost flow problem with lower and upper
bounds by applying the standard transformation that eliminates lower bounds
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Table 2. Arc types in the min-cost flow network.

Arc Exists for L u  Cost
(s = v;) Viel w, Wt 0
(U —>u1t) ViEI, VteAi, Et;éQ) 0 1 0
(Wit = pr,.e) V(i,t), Ve € E; 0 1 0
(Pre = qe) VYe€E, VKkeEK, j=1,...,myp. 0 1 45-1
(ge = f) Vee E de de 0

and introduces node balances. Let (p,q) denote an arc in the network and let
b, denote the balance of node v, that is, the net outflow at node v. Initially,
the balances are by = D, by = —D, and b, = 0 for all other nodes. The
transformation then proceeds as follows:

Replace each arc capacity with upqy — £pg.

Adjust node balances b, <— b, — {pq and by < by + £pq.

Add arc (f, s) with sufficiently large capacity and zero cost.

Introduce an auxiliary super-source and super-sink. Connect nodes with b, <
0 to the super-source and nodes with b, > 0 to the super-sink.

L

We then solve the resulting minimum-cost flow problem using successive shortest
augmenting paths with reduced costs. All capacities and balances are integral,
hence an optimal integral flow exists. The optimal flow value equals Equation
(7). thereby yielding upper bound UBs5.

4.2 Lower bounds for IAP-CR

Let us begin by recalling the lower bound proposed by [15] for IAP-CR. Their
bound is based on two observations. First, supervising an exam with demand d,

creates exactly ( ) co-assigned invigilator pairs, while assigning invigilators in a
new timeslot may force additional contacts with invigilators encountered earlier.
Second, any feasible solution must use a sufficiently large number of distinct
invigilators to cover total demand while satisfying workload constraints. The
bound is constructed by processing timeslots iteratively. Given the timeslots
already processed, each step selects the next timeslot so as to maximize the
increase in the bound, given the timeslots already processed. This yields a valid
lower bound, which we denote by LB;:

Z yi; = LBi. (14)
i,j€I
1<J
To derive an alternative lower bound, we compare the total number of co-
assigned pairs that must be created when supervising the exams with the max-
imum number of co-assignments that can be realized through a single contact.
This yields a covering bound over contacts.
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Supervising exam e with demand d, creates exactly (d;) unordered co-assigned
invigilator pairs. Hence any feasible solution induces a total of Equation co-
assigned pairs across all exams.

We can bound the contribution of a single contact. Indeed, an invigilator
can be assigned to at most one exam per timeslot, while a pair {7, j} can be
co-assigned to at most one exam per timeslot during which both invigilators are
available. Workload bounds also limit how often each invigilator can be assigned.
We define the capacity of contact {i,j} as follows:

u;j = min Z &, WET, @j‘ﬂ Vi, jel: i<j. (15)
tEANA;

This quantity is an upper bound on the number of co-assignments that contact
{i,7} can realize in any feasible solution. If M = {{i,j} : y;; = 1} denotes the
set of contacts in a feasible solution, then the total number of co-assignments
generated by these contacts is at most

> i (16)

{i,j}eM

Feasibility therefore requires that these capacities cover all co-assigned pairs
induced by the exams, namely:

ooy >y (‘12) (17)

{i.gyeM c€E

Let CoverLB(r) denote the minimum number of contacts whose capacities sum
to at least r. Since each contact contributes at most u;; co-assignments, every
feasible solution of the IAP-CR must satisfy

Z yi; > CoverLB <Z (d;)> ) (18)

ujel e€EE
i<j

We therefore define the lower bound as follows:

LB, = CoverLB <Z (‘é)) . (19)

eclk

Solution method. Computing L.LBs reduces to selecting the smallest number of
contacts whose capacities u;; cover ) . (‘12) Since all contacts have unit cost,
this problem is solved optimally by sorting values u;; in nonincreasing order and
selecting them until the required capacity is reached.
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5 Local search heuristic

To quickly compute solutions for both the IAP-CM and IAP-CR, we will develop
a multi-neighborhood local search heuristic. Its purpose is to converge quickly
to high-quality solutions and ultimately improve upon the best-known results
for the benchmark instances.

5.1 Initial solution

We start the search from an empty solution in which no invigilators are assigned
to exam slots. In this initial state, exam demands are unmet and invigilator
workloads may fall below their required lower bounds. To allow the search to start
from this infeasible state, violations of constraints are penalized in the objective
function with large penalty terms. As a result, the local search gradually repairs
the infeasible solution during the search.

5.2 Neighborhoods

The local search procedure uses a diverse set of neighborhoods. At each iteration,
one neighborhood is selected at random and a candidate move is generated.
Candidate moves are evaluated using the Late-Acceptance Hill Climbing (LAHC)
acceptance criterion [2], with history length H. Some neighborhoods perform
small local changes, while others reconstruct larger parts of the solution.

We can group each of the neighborhoods into one of three categories: reas-
signment, swap and reconstruction. Reassignment neighborhoods modify a single
assignment, swap neighborhoods exchange assignments between exams, and re-
construction neighborhoods rebuild larger parts of the solution.

Reassignment neighborhoods

Simple reassign. The invigilator assigned to an exam is replaced by another
invigilator who is available for the corresponding timeslot.

Contact-guided reassign. The invigilator assigned to an exam is replaced by an-
other invigilator based on the objective. The available candidate that maximizes
interdepartmental contacts (or minimizes contacts) is selected.

Swap neighborhoods

Timeslot swap. Two invigilators assigned to different exams in the same timeslot
are swapped.

Cross-timeslot swap. Two invigilators assigned to different exams in different
timeslots are swapped.

Three-way swap. Three invigilators assigned to three different exams in the same
timeslot are cyclically swapped.

Contact-guided swap. All possible swaps between pairs of invigilators assigned
to different exams in the same timeslot are considered as candidate moves. Each



Improved bounds and solutions for the TAP 9

candidate swap is evaluated based on the contacts consequently created with the
other invigilators.

Reconstruction neighborhoods

Ruin-and-recreate. All invigilators assigned to an exam are removed, after which
the exam is greedily reconstructed.

Within-timeslot JV. One invigilator is removed from each exam in a randomly
selected set of exams taking place during the same timeslot. The removed invig-
ilators are then reassigned to the vacant positions by solving a linear assignment
problem using the Jonker—Volgenant (JV) algorithm [6]. The number of reas-
signed invigilators, and thus the size of the assignment matrix, is limited by
parameter Spax.

Cross-timeslot JV. One invigilator is removed from each exam in a randomly
selected set of exams. The removed invigilators are then reassigned to the vacant
positions by solving a linear assignment problem using the JV algorithm, again
limited to at most Sy,ax reassigned invigilators.

6 Computational experiments

We evaluate our approach on the benchmark instances introduced by [15]. The
experiments were performed on a machine with an AMD Ryzen 7 7800X3D
processor and 32GB of RAM. We implemented the local search heuristic in Rust
and compiled it in release mode.

We tuned two algorithm parameters automatically using the irace package
[7]: history length H of the Late-Acceptance Hill Climbing acceptance criterion
and the maximum size Spyax of the JV assignment matrix. The tuning procedure
consisted of 300 runs on all 17 instances and selected H = 20 and Spax = 15,
which we used in all experiments.

We compare our bounds and solutions against those of Verplancke et al.
[15], who propose a multi-stage heuristic that combines a MIP model with
two improvement phases. They first construct an initial solution by solving a
polynomial-time MIP model for a preference-based variant of the IAP, using
modified objective coefficients to indirectly incentivize either contact maximiza-
tion or contact reduction. They then improve this solution through a swapping
phase. Finally, they apply a fix-and-optimize heuristic in which they iteratively
relax subsets of variables (such as those related to exams, timeslots, or invig-
ilators) while fixing the remaining variables, before reoptimizing the resulting
subproblems.

Since both approaches are stochastic, we performed five independent runs per
instance for each approach, with a time limit of 600 seconds. For the approach
of [15], we used the publicly available source code provided by the authors. We
report both the average and the best objective value obtained across these runs.

The results for the IAP-CM in Table [3| show that our new upper bound UB,
is significantly stronger than the previously reported bound UB;. More precisely,
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UB, improves UB; for 15 of the 17 instances and matches it for the remaining
two (ITC3 and UG4). Our heuristic matches or improves all previously reported
best-known solutions. Indeed, for 15 of the 17 instances, the best solution found
matches UBsy, thereby proving optimality. The results are also highly stable: all
five runs attain the best reported value for 16 of the 17 instances.

Table 3. Comparison of bounds and solution methods for the IAP-CM variant.

Obji Obj2
Avg Best Avg Best

Inst. UB, UB»

ITCL 2,992 2,457 2,434.0 2,438 2,457.0 2,457 ®
ITC2 4,172 4,137 4,106.2 4,107 4,137.0 4,137 ®
ITC3 4,558 4,558 4,524.8 4,528 4,558.0 4,558 ®
ITc4 1,377 1,325 1,310.6 1,314 1,325.0 1,325 ®
ITC5 5,110 4,871 4,848.0 4,848 4,871.0 4,871 ®
ITc6 2,030 1,912 1,892.6 1,895 1,912.0 1,912 @&
ITC7 9,257 8,175 8,067.2 8,070 8,172.4 8175 ®
ITC8 5,015 4,262 4,234.6 4,240 4,262.0 4,262 ®
ITCO 1,386 1,133 1,129.8 1,131 1,133.0 1,133 ®
ITC10 1,791 1,524 1,523.4 1,524 1,524.0 1,524 ®
ITC11 12,026 11,079 11,012.8 11,013 11,079.0 11,079 &
ITC12 988 779 779.0 779 779.0 779 ®
UGl 79 78 78.0 78 78.0 78 ®
UG2 1,603 1,507 1,477.0 1,477 1,507.0 1,507 ®
UG3 1,178 1,098 1,079.0 1,087 1,097.0 1,097

UG4 704 704 703.4 704 704.0 704 ®
uGs 1,593 1,495 1,468.4 1,474 1,493.0 1,493

UB1, Obji: [15]; UBg2, Obja: this paper; & proven optimum.

Table 4. Comparison of bounds and solution methods for the IAP-CR variant.

Inst. LBy LB, Objs Objz

Avg Best Avg Best
ITC1 224 365 1,669.0 1,651 1,285.2 1,274
ITC2 478 786 2,647.2 2,637 2,206.8 2,187
ITC3 773 1,140 3,228.0 3,225 2,749.2 2,745
ITC4 336 459 989.6 979 726.4 718
11C5 648 900 2,898.4 2,896 2,659.6 2,629
ITC6 697 677 11,3404 1,336 1,111.0 1,100
ITC7 727 1,277 5,440.2 5,429 5,132.8 5,076
ITC8 445 773 3,091.0 3,080 2,552.0 2,507
ITC9 329 347 910.6 903 747.6 726

ITC10 328 359  964.6 950  855.6 835
ITC11 1,492 1,718 6,731.4 6,697 6,443.6 6,402
ITC12 658 494  789.8 782 752.0 732

UG1 17 27 39.8 38 39.6 38
UG2 219 401 875.4 866 717.4 679
UG3 147 295 557.6 522 553.6 517
UG4 134 176 380.4 371 314.2 311
UG5 228 399 862 822 727.6 708

UB1, Obji: [15]; UBg, Obja: this paper; & proven optimum.

For the IAP-CR, Table[d]shows that our new lower bound LB; improves upon
LB for 15 of the 17 instances, often by a significant margin. The exceptions are
ITC6 and ITC12, where LB; remains stronger. Our heuristic improves the best-
known solution for 16 of the 17 instances. Compared with IAP-CM, the results
for the IAP-CR exhibit larger gaps between bounds and best solutions, as well
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as larger differences between average and best run values. This indicates that
the minimization variant is more computationally challenging for both bounding
and local search. We hypothesize that this is due to the fact that department
information cannot be exploited in this variant.

Figures [1] and [2| show the aggregated convergence behavior of the proposed
heuristic compared to [I5]. For each instance, both methods were run five times
with time limits of 10 seconds, 1 minute, 2 minutes, 10 minutes, 20 minutes and
1 hour. The reported gap is computed with respect to the best-known solution
for each instance. The solid line represents the average gap over time, while the
shaded band indicates one standard deviation. For the TAP-CM, our method

Fig. 1. Average gap over time (IAP-CM). Fig. 2. Average gap over time (IAP-CR).

10 100
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Time (min) Time (min)

exhibits a very rapid improvement of the objective within the first few seconds.
In fact, all instances except ITC3 and ITC11 reach a gap of 0% within 10 sec-
onds. After one minute, all instances have a gap of 0% across all five runs. In
contrast, the approach of [I5] reduces the gap much more gradually and requires
substantially more time to reach solutions of comparable quality.

For the TAP-CR, a different trend can be observed. Convergence is more
gradual and takes longer, once again confirming that the minimization variant
is more challenging for the heuristic. Nevertheless, our approach consistently
outperforms [15], achieving both faster improvements in the early stages and
better final solution qualities.

7 Conclusions and future directions

This paper strengthens the computational understanding of the invigilator as-
signment problem with interaction-oriented objectives. For both interdepartmen-
tal contact maximization and contact reduction variants, we (i) improve most
existing bounds and (ii) improve the previously reported best-known solutions
on the benchmark instances.

Our computational results also highlight a clear difference between the two
variants. For the TAP-CM, our new upper bound is strong and the heuristic
performs very well, enabling optimality to be proved for 15 out of 17 instances.
For the IAP-CR, the proposed lower bound and heuristic solutions lead to sig-
nificant improvements in both bounds and solution quality, but the gaps that
remain indicate that this variant is more computationally challenging.
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Several directions for future research remain. First, it would be worth in-
vestigating which instance characteristics drive computational difficulty in both
variants. In particular, for the TAP-CM it would be interesting to study how
the distribution of invigilators over departments affects both the quality of the
bounds and the difficulty of finding good solutions. A second direction for fu-
ture research is to investigate more flexible problem variants in which workload
bounds and exam demands are treated as soft constraints rather than strict
feasibility requirements.
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